The potential consequences of plant-herbivore coevolution for ecosystem functioning are investigated using a simple nutrient-limited ecosystem model in which plant and herbivore traits are subject to adaptive dynamics. Although the ecological model is very simple and always reaches a stable equilibrium in the absence of evolution, coevolution can generate a great diversity of dynamical behaviors. The evolutionary dynamics can lead to a stable equilibrium. If the evolution of plants is fast enough, certain values of the trade-off parameters lead to complex evolutionary cycles bounded by physiological constraints. The dynamical behavior of the model is very different when the dynamics of inorganic nutrient is ignored and plant competition is modeled by a logistic growth function. This emphasizes the importance of including explicit nutrient dynamics in studies of plant-herbivore coevolution. r
Introduction
Herbivory is the basis of classical food webs, and is therefore important for the understanding of ecosystem functioning. Many studies have been devoted to this biological interaction. They are usually focused on internal (plant or herbivore traits) and external (nutrient supply, predators) factors that influence herbivory. A number of dynamical models have been developed to analyse the functional role of herbivory in ecosystems (see for example, Loreau, 1995; de Mazancourt et al., 1998 de Mazancourt et al., , 1999 . In these models, the interactions between species and with the environment are expressed by constant parameters. Many factors, however, such as environmental changes (Kesh et al., 2000; Leibold, 1996; Post et al., 1999) or the evolution of species' behavior, physiology or morphology, are likely to influence these parameters (Abrams, 1996) .
Here, we consider that herbivory acts as a selective pressure on plants. Plants that experience herbivory may evolve physical or chemical defenses (Rausher, 1996; Westoby, 1989) or compensatory responses to herbivory (Mc Naughton, 1983) . Herbivores may then evolve in response to these defenses. As described in Krieger et al. (1971) and Seldal et al. (1994) , they may improve their digestion and detoxification capacities. Thus, both species are allowed to evolve, leading to plant-herbivore coevolution. Since this coevolution affects the strength of the plantherbivore interaction, the parameters that govern ecosystem stocks and fluxes are not fixed, they evolve with species. A comparison of the model with fixed (ecological dynamics) and changing (evolutionary dynamics) parameters shows the importance of coevolution in both the population dynamics of the interacting species and the dynamics of ecosystem processes.
Herbivores are not simply predators. They eat plants, but do not kill them. Moreover, as they digest plants and release nutrients, they can increase nutrient recycling efficiency, which has a positive effect on neighboring plants. When inorganic nutrient dynamics is taken into account, the herbivore-plant interaction may even be seen as a form of indirect mutualism under certain conditions (Loreau, 1995; de Mazancourt et al., 1998 de Mazancourt et al., , 1999 de Mazancourt et al., , 2001 , although the empirical evidence for this hypothesis is controversial (Belsky, 1986; Belsky et al., 1993; McNaughton 1979 McNaughton , 1983 McNaughton et al., 1997) . As the effect of the herbivore on the nutrient cycle is important to understand the plant-herbivore interaction, nutrient dynamics may also be important to understand the coevolution of the two species. In the present article, we compare two models, of which one includes this feedback, whereas the other does not take it explicitly into account. In the latter model, plant competition is expressed through a logistic growth function. This comparison allows us to investigate the role of nutrient dynamics on the ecological and the evolutionary dynamics of the system. Thus, the objective of this work is two-fold. It aims, first, to understand the consequences of plant-herbivore coevolution on the dynamics and functioning of the system, and, second, to assess the importance of considering explicitly nutrient dynamics on the dynamics of the system on both ecological and evolutionary time-scales.
The Ecological Model
Our ecological model describes a spatially homogeneous, nutrient-limited ecosystem (Fig. 1) . There are three nutrient compartments, namely inorganic nutrient (N), plants (P) and herbivores (H). Nutrient uptake by plants and plant consumption by herbivores are assumed to be simple Lotka-Volterra functions. Consequently, the food web is top-down structured. The nutrient is released by plants and herbivores following simple, linear donor-controlled functions. Only part of the released nutrient is recycled in the inorganic nutrient pool (v P and v H determining the fractions of nutrient that are lost to the system during the recycling process).
The model is described by the following differential equations:
The various parameters and variables are defined in Table 1 . At the ecological equilibrium, the rate of increase of all the compartments is zero. Solving eqns (1) then provides the equilibrium nutrient stocks:
As in previous studies (Loreau, 1995; de Mazancourt et al., 1998 de Mazancourt et al., , 1999 de Mazancourt et al., , 2001 , we assume that plant and herbivore biomasses are
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proportional to their nutrient stocks, after multiplication by a suitable C : N ratio.
Note from eqns (2) that there is a minimum value of nutrient input, I, below which the ecological dynamics leads the herbivore to extinction. The analysis of the Jacobian matrix easily shows that the ecological equilibrium is stable whenever I is sufficient to maintain the herbivore population. Thus, the ecological dynamics never leads to cyclic behaviors in the absence of evolution.
Evolutionary Dynamics

TRAITS SUBJECTED TO EVOLUTION
For plants, the trait s P subjected to evolution represents the production of antiherbivore defenses. These defenses can be either physical (e.g. production of thorns) or chemical (e.g. production of tannins) (du Toit, 1990) . Another form of defense is the attraction by plants of the herbivores' predators, using these predators as bodyguards (Takabayashi et al., 1994; Kessler & Baldwin, 2001) . For herbivores, the trait s H subjected to evolution determines the herbivore's voracity.
The parameters symbolized by Greek letters in the ecological model are assumed to be modified by the evolution of plant and herbivore traits. Parameter w, which measures the rate of plant consumption by herbivores, increases with s H and decreases with s P . We chose the following expression for this parameter (Abrams & Matsuda, 1997b) (Fig. 2) :
Thus, as one would expect, w is always nonnegative, it grows with the difference between the two traits and remains finite even when the difference between the two traits is large. We assume that both traits are costly. This assumption has often been made (and debated) for plants (Herms & Matson, 1992; Levin, 1991; Rauscher, 1996) . The basic idea is that the plants have a certain amount of nutrient and energy available and that the nutrient and energy they devote to defense is lost for growth and reproduction. Possible costs for herbivore HERBIVORE-PLANT COEVOLUTION evolution have seldom been addressed. In the present model, we assume that the greater the voracity of the herbivore, the greater is its nutrient losses, through either increased mortality due to a lower attention to predators (Illius & Fitzigibbon, 1994) or increased respiratory and excretory losses.
Mathematically speaking, these trade-offs are expressed through d and g:
Parameters a and g are called trade-off parameters and describe how heavy the costs of the evolving traits are. Note that the special cases where one or both of the traits are cost-free can be modeled using the particular case a and/or g=0. These particular cost functions are chosen for mathematical convenience. Whatever be the values of the two traits, they are positive and monotonous, and they permit a certain number of simplifications. There are no general results regarding the shape of the plant trade-off between growth and defense in the literature (Mauricio, 1998; Herms & Mattson, 1992) . The herbivore trade-off is even less studied; we were unable to find data on the shape of the trade-off between herbivore voracity and mortality (however, see Illius & Fitzigibbon, 1994) . These trade-offs also avoid that the traits take too large values. They give ''smooth'' maximum limits to the values of the two traits. They do not introduce minimum limits to these traits, however, and infinitely negative values of the two traits are also biologically irrelevant. To avoid such biases, while keeping the model tractable, we chose to introduce a ''harsh'' minimum limit to the traits. This limit is fixed to zero for simplicity, but we checked that this value does not influence the qualitative results of the model.
ANALYSIS OF EVOLUTIONARY DYNAMICS USING THE THEORY OF ADAPTIVE DYNAMICS
The model is analysed using the theory of adaptive dynamics (Metz et al., 1996 , Geritz et al., 1997 . The main hypothesis made in this theory is that the time-scale of evolutionary dynamics is much greater than the time-scale of ecological dynamics. With this simplification, the analysis of the model can be split into different steps.
In the first step, the ecological dynamics leads system (1) to its ecological equilibrium described by eqns (2).
In the second step, the mutation process takes place. For example, let us suppose a plant mutant whose trait s Pm is close to the trait s P of the plant resident. The fitness of this mutant is then defined by its growth rate in the resident population:
The mutant is able to invade the resident population if and only if this function is positive. In this case, s Pm will become the new resident trait for the plant population. The new situation corresponds to a new ecological equilibrium (2), in which the Greek-letter parameters are modified by the new trait value. The appearance of a herbivore mutant is treated the same way, its fitness being
Step-by-step, the values of the traits s H and s P change on the evolutionary dynamical timescale. As demonstrated in Marrow et al. (1996) , these discrete trait changes can be put in a continuous form. The corresponding equations are
K is a parameter scaling plant and herbivore biomass to trait values, m the mutation rate and s 2 the genetic variability of the corresponding population. The product ms 2 measures the rate of evolution of the species (Marrow et al., 1996) . Equations (6) imply that the rate of change of the two traits is proportional to the fitness gradient in each species. Although these equations are introduced through the adaptive dynamics theory, they can also be obtained from quantitative genetics models as an approximation (Abrams, 2001) .
The analysis these equations (6) yields the evolutionary outcome of the plant-herbivore interaction. We first find the fixed points of eqns (6), which are the evolutionary equilibria of the system.
We then determine their stability using the Jacobian matrix evaluated at the equilibrium points. An evolutionary equilibrium will be stable if and only if (Marrow et al., 1996) Trace J ð Þo0;
where J is the Jacobian matrix of system (6):
Evolutionary Outcomes of the Adaptive Model
EVOLUTIONARY ISOCLINES
In what follows, the isocline of each species is defined as the ensemble of the traits (s P , s H ) such that the fitness gradient for that species' trait in eqns (6) is zero. These isoclines, linked to the evolutionary dynamics of the system, should not be mistaken for the ones corresponding to the ecological dynamics of the system [eqns (1)].
Determining the fixed points of system (6) is equivalent to finding the intersection of the isoclines of the fitness gradients. In order to get a full comprehension of what happens, let us fix one of the two traits and analyse the two isoclines separately. It is easy to find an analytical expression for the herbivore fitness isocline from eqns (7):
This equation is a straight line with slope 1
It is easy to demonstrate that this isocline is stable, i.e., if the trait s P is fixed, the herbivore trait s H will tend to this isocline by successive mutation-invasion processes. The role of the herbivore trade-off parameter g in evolutionary dynamics is made clear by considering the y-intercept. The greater g, the smaller this intercept, and the smaller the herbivore voracity. This result is rather intuitive since a larger g means a higher cost in terms of nutrient losses. Note that the intercept depends also on k. The role of this parameter is very similar to that of g in most of the results of the model. In many ways, it can also be considered as a trade-off parameter of the herbivore. The determination of the plant isocline is not possible analytically. Figure 3 (B) displays this isocline as determined numerically. The isocline is bell shaped. This shape is robust to changes of parameters, but the exact position of the isocline depends on the trade-off parameters a and g. The isocline is a boundary between an inner space where plant fitness increases with s P and an outer space where it decreases. Consequently, the isocline is stable on its right part and unstable on its left part. There is no isocline for positive traits values if parameter a is larger If the two traits are allowed to change simultaneously, coevolution takes place. The dynamics then depends strongly on the values of the trade-off parameters a and g. The isoclines intersect only if g is larger than a, i.e., if herbivore voracity is more costly than plant defense. The equilibrium obtained in these cases can be stable or unstable depending on the way the two isoclines intersect and the respective rates of evolution of plants and herbivores (Fig. 4) .
If the two isoclines intersect in the stable part of the plant isocline, the evolutionary equilibrium is globally stable (ESS). Evolution seen always leads to this equilibrium whatever the initial point (s P0 , s H0 ). If the two isoclines intersect in the unstable part of the plant isocline, the stability of the equilibrium depends on the relative rates of evolution of plants and herbivores. If the rate of plant evolution is high enough compared with that of herbivore evolution, the instability of the plant isocline prevails over the stability of the herbivore isocline, and the equilibrium is unstable. Otherwise, the equilibrium is stable. Figures 4(A) -(C) show that the greater the rate of plant evolution compared with the rate of herbivore evolution, the greater the likelihood of finding an unstable equilibrium. All the unstable equilibria observed in the model yield stable limit cycles. In these cases, all the evolutionary trajectories lead to this cycle independent of the initial point (s P0 , s H0 ) (Fig. 5) . After a transient state, the dynamics of both traits becomes periodic. The amplitude of the limit cycle depends on the trade-off parameter values. Since we fixed a minimum value for the two traits, however, the evolutionary cycle is bound to stay in the positive quadrant of the (s P , s H ) plane.
In a large number of cases, the isoclines do not intersect. In these cases, the evolutionary equilibrium is what we call a ''physiological equilibrium'', because it is determined by the physiological constraints s P X0 and s H X0.
If gX1, the herbivore isocline does not exist. The herbivore fitness decreases with the trait s H whatever be the trait value [ Fig. 6(A) ]. Since the trait s H is to remain non-negative, three evolutionary equilibria appear, two of which are stable. The outcome of coevolution is then one of the alternative stable equilibria depending on the initial point (s P0 , s H0 ). If the two isoclines exist but do not intersect, there is a single stable equilibrium point [ Figure 6(B) ].
Although the shape of the two isoclines depends on the choice we made for the tradeoff functions, these functions permit all the stability regimes by only ranging the two parameters a and g.
CONSEQUENCES FOR ECOSYSTEM FUNCTIONING
The previous section shows that a wide variety of evolutionary outcomes is possible depending on the values of the trade-off parameters. We now explore their implications for ecosystem functioning.
Stable Evolutionary Equilibrium
The evolutionary dynamics may lead to a stable equilibrium (ESS) at the intersection of the two isoclines. Fig. 7 shows how the nutrient stocks at the ESS change with the two trade-off parameters a and g. Plants are dominant (in There are three evolutionary equilibria, of which two are ESS (and therefore possible outcomes of evolution, depending on the initial point of evolution). Here, the trade-off parameter a=0.6, and the other parameters are the same as in the previous figures. The plant isocline is drawn in solid line. The black areas are the points (s P ,s H ) for which the herbivore goes extinct. (B) The isoclines do not intersect. The only evolutionary equilibrium is (0,s hiso ), and is always stable. All evolutionary trajectories converge to that point (ESS). The herbivore isocline is the dashed line, whereas the plant isocline is the solid line. Values of trade-off parameters used here are g=0.1, a=0.4. The other parameters are the same as before.
HERBIVORE-PLANT COEVOLUTION terms of nutrient quantity) at the ESS when a is small, whereas herbivores become dominant when a is large. This is understood easily. When a is small, the cost for the plants defenses is small, and inorganic nutrient is easily absorbed. Thus, the conditions are favorable for plant growth, which leads to plant dominance. In the same way, herbivores are dominant at the ESS when g is small, whereas plants become dominant when g is large. Thus, coevolution has a large effect on the overall functioning of the ecosystem, the distribution of nutrient among trophic levels being very different depending on the trade-off parameters.
Stable Evolutionary Cycle
When coevolution leads to a stable limit cycle, nutrient stocks vary periodically on the evolutionary time-scale. For some values of the trade-off parameters a and g, the amplitude of the cycle is small. The cycle is then a regular ellipse along which the dynamics of both traits and nutrient stocks is sinusoidal (Figs. 5 and 8) . Slight variations in trade-off parameter values, however, may increase the amplitude of the cycle. Since the two traits must remain nonnegative, the cycle is then limited by the axes, which can generate more irregular dynamics.
What is the Effect of Inorganic Nutrient Dynamics?
Our model incorporates nutrient recycling and inorganic nutrient dynamics explicitly. If the inorganic nutrient stock is fixed, the model becomes very similar to classical prey-predator coevolution models. The analysis of such a model is detailed in Appendix A. The assumption that the inorganic nutrient is fixed means that nutrient dynamics is fast, and is mainly governed by the plant composition. Plantgrowth limitation is then expressed by a logistic growth function whose saturation is determined by the amount of available nutrient. If the nutrient input is sufficient to maintain the herbivores, the ecological equilibrium is also always stable. But the evolutionary outcomes are very different from those of the model with nutrient dynamics. The two isoclines of plant and herbivore fitness gradients are parallel, and their y-intercept depends on the costs of the two traits. The plant fitness isocline is unstable whereas the herbivore gradient fitness isocline is stable. It means that, depending on the values of the two trade-off parameters, the evolutionary outcome is either a stable equilibrium or a simple arms race between the plant and the herbivore. Evolutionary cycles never occur. Thus, the outcome of coevolution is very different if nutrient dynamics is considered explicitly or if plant competition is simply modeled by a logistic growth.
Discussion
COMPLEXITY OF EVOLUTIONARY DYNAMICS
Consequences of Coevolution on the Dynamics of Population and Nutrient Stocks
Our model provides new insights into the understanding of populations cycles. Population time-series such as fur time-series in North America (U.S.A. and Canada) display some low-amplitude, long-period variations in addition to yearly variations in population size (Keith, 1963) . A spectral analysis of these series show long-period cycles (more than 30 years). Although these cycles are difficult to analyse due to their length relative to the length of the time series, they are likely to be produced by longperiod processes, which can be either abiotic (climate or slow change of the environment) or biotic (evolutionary processes, as suggested above).
Our work suggests that such long-period variations could be linked to the transient phase of an evolutionary process or to stable evolutionary cycles. This role of coevolution in populations cycles was suggested in the case of lemmings (Seldal et al., 1994) . Many other explanations have been suggested for population cycles, such as interactions between species (Baltensweiler & Fischlin, 1988; Garding, 2000; Keith, 1963) , maternal effects (Inchausti & Ginzburg, 1998) harvesting (Basson & Fogarty, 1997; Clark, 1976; Gamarra & Sole, 2000) , food supply (Baltensweiler & Fischlin, 1988; Garding, 2000; Keith, 1963) , dispersal (Baltensweiler & Fischlin, 1988) , and climate variability (Keith, 1963) .
Other models showed that the evolution destabilize prey-predator models. Prey evolution alone may induce population cycles (Abrams & Matsuda, 1997a) , and so does predator-prey coevolution (Abrams & Matsuda, 1997b; Marrow et al., 1996; Abrams, 2000) . Our model, however, shows that prey-predator coevolution alone may not be sufficient to explain the cycles and that the nutrient dynamics can play a critical role in this regard. Abrams (1984) suggested that considering parameters of food-web models as variable might provide new insights into the understanding of food webs. The results of the present model show that incorporating coevolution yields a unified view of a wide range of possible population dynamics on evolutionary timescales. As in the Khibnik & Kondrashov (1997) model, the interplay of ecological and evolutionary dynamics is potentially important to fully understand the plant-herbivore interaction. A natural example of the effect of plant-enemy coevolution on the dynamics and distribution of the various species is presented by Benkman (1999) .
Importance of Inorganic Nutrient Dynamics
The variety of possible evolutionary dynamics is conditioned by the consideration of inorganic nutrient dynamics in the model. If inorganic nutrient is fixed and plant competition is modeled using a logistic function, evolutionary dynamics is much simpler because of the simplification of the costs of the two evolving traits. These costs have a direct influence on the nutrient cycle, and thus fixing the level of inorganic nutrient reduces the impacts of these HERBIVORE-PLANT COEVOLUTION costs on the system. When the nutrient is fixed, the model is very similar to some prey-predator coevolutionary models in its mathematical expressions and results (Abrams & Matsuda, 1997b; Marrow et al., 1992; Marrow & Cannings, 1993; Marrow et al., 1996) . The comparison between the models emphasizes the importance of incorporating an explicit dynamics of the nutrient in our understanding of the evolution of plant-herbivore interactions, and species interactions more generally Loreau, 2002; de Mazancourt et al., 2001) .
LIMITATIONS OF THE MODEL
Separation of Ecological and Evolutionary Time-Scales
As is traditional in the theory of adaptive dynamics, we have assumed separation between the time-scales of ecological and evolutionary dynamics in the analysis of our model. This hypothesis simplifies the analysis since the fitnesses are evaluated at the ecological equilibrium. A number of recent studies have suggested that evolution is sometimes rapid, so that the time-scales of evolution and population dynamics may not be so clearly separated (Hendry et al., 2000; Huey et al., 1999; Grant & Grant, 1995; Reznick et al., 1997) .
Our model shows that coevolution may play an important role in the dynamics of plant and herbivore populations and the whole ecosystem. If evolution is faster than that assumed here, its consequences on ecosystem functioning are likely to be all the more important. If the ecological and evolutionary time-scales are approximately equal, however, the theoretical framework of the present study can no longer be used. To assess the consequences of evolution under these conditions, population dynamics and trait dynamics should be considered simultaneously. A few theoretical studies have attempted to do this (Abrams, 1995) . The problem with such models is that they are less tractable analytically. If we were to apply this approach to our model, this would comprise five simultaneous differential equations, which would preclude a stability analysis. The alternative would be to use a discrete-time simulation model in which a mutant would be introduced according to a defined probability at each time step. When we simulated our plant-herbivore model in this way, we found that the qualitative features of the results presented here hold even if the two timescales are similar.
Are Results Robust to a Change in the Herbivore Trade-Off?
The plant trade-off between growth and defense is well documented, but the herbivore trade-off between consumption and nutrient loss or mortality is less so. How robust are the results presented in the present paper to the trade-off considered? To answer this question we considered another possible cost for the herbivore trait, i.e., a decrease in the herbivore assimilation efficiency. The more the herbivore is able to eat, the less it is able to efficiently turn the consumed plants into the production of new tissues for growth and reproduction.
With this kind of cost, the herbivore nutrient loss rate d, and hence also nutrient recycling by the herbivore, is no longer dependent on the evolution of the herbivore trait, and the production rate in the herbivore equation in eqns (1) is no longer w, but w exp Àgs H ð Þ: These changes do not alter the position of the ecological and evolutionary equilibria. But, for a given ratio between the rates of evolution of plants and herbivores, the probability to obtain an evolutionary cycle proves to be higher in the new model. In particular, in this model, cycles are obtained even when the rates of evolution of plants and herbivores are equal, which is not the case for the previous model [ Figure 4 (B)]. Thus, when the evolution of herbivores has a direct impact on nutrient recycling, the stability of the evolutionary equilibrium is enhanced compared with the case where evolution has no direct consequence on nutrient recycling.
A Step to Understand a Complex
Changing World Abrams (1995) regretted that in most of the theoretical studies of food webs, the parameters describing the interactions between two species are fixed. The present model adds to a rapidly N. LOEUILLE ET AL. growing body of literature in which evolutionary and ecological dynamics are combined. It emphasizes the role of the nutrient dynamics in the outcome of the plant-herbivore coevolution. Evolution is only one way in which species traits can vary, however. The interaction coefficients used in ecological models may also vary following behavioral and physiological changes and species replacement, or depend on species population densities and on the environment.
Given the significant potential consequences of coevolution on the dynamics of species and ecosystems, many new questions arise. Coevolution is likely to modify the traditional view of top-down or bottom-up controls of food webs. It could also provide new insights into the responses of ecosystems to environmental changes. Consequently, the application of new theoretical approaches such as the one proposed in this paper might be particularly useful in the understanding and conservation of natural and managed ecosystems (Table 2) . 
A Model Without Nutrient Dynamics
To assess the role of nutrient dynamics is modeled on plant-herbivore coevolution, we build a simplified version of our model with a fixed level of inorganic nutrient. Since the plant is limited by a single nutrient, the fixed level of inorganic nutrient defines the carrying capacity N. LOEUILLE ET AL.
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of the plant population.
We introduce a logistic growth for plant biomass to account for plant resource limitation. The definitions of parameters remain the same. N is now fixed and can be considered as another parameter of the system. This model has one non-trivial equilibrium:
The analysis of the Jacobian matrix at this equilibrium shows that it is always stable as long as the nutrient level is sufficient to sustain the herbivore population at the equilibrium. The fitness of a plant or herbivore mutant is defined by their rate of increase in the resident population:
The continuous evolution of the traits can be modeled again with eqns (6). In the space of the two traits (s P , s H ) the two isoclines are parallel lines. A simple study of fitness gradients shows that the plant isocline is unstable whereas the herbivore isocline is stable. Consequently, there are several possibilities:
(1) If a=g, the two isoclines are identical. The outcome of coevolution is then an evolutionary arms race in which both traits increase. At a certain point, this arms race leads to an evolutionary suicide of herbivores (their population can no longer be maintained). This result does not depend on either the ecological parameters or the speed of evolution of plants and herbivores.
(2) If the cost parameters are different, the outcome depends on the relative position of the two isoclines and on the relative speed of evolution of the two species. If the isocline of the plant fitness gradient is above that of the herbivore (i.e., g>a), then whatever be the ecological parameters and the relative speed of evolution of the two partners, coevolution leads to an arms race, and finally to an evolutionary suicide of the herbivore. If the herbivore isocline is above that of the plant (i.e., goa) then there are two possible outcomes, depending on the speed of evolution of the two species. If the plant evolves much faster than the herbivore and that the initial traits are noted (s P0 , s H0 ), we get the same arms race and evolutionary suicide of the herbivore as in the previous cases. In all other cases, the final point of the coevolution is ðs P ¼ 0; s H ¼ Max ð0; lnð1 À gÞ=gkÞÞ: This point is an ESS, which is determined by either the stability of the herbivore isocline or the condition of nonnegativity of the two traits.
To conclude, the evolutionary dynamics is much simpler in this model where plant competition is expressed through a logistic function than in the full model in which nutrient dynamics is explicit. Fixing the level of nutrient implies the introduction of a density dependence, which modifies the expression of the plant mutant fitness. There are then only two possible outcomes, i.e., either an ESS with no plant defense against the herbivore or an arms race leading to the evolutionary suicide of the herbivore. In this case, coevolution cannot lead to limit cycles.
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